Abstract. In this paper, a complete analysis of symmetries and conservation laws for the charged squashed Kaluza-Klein black hole spacetime in a Riemannian space is discussed. First, a comprehensive group analysis of the underlying space-time metric using Lie point symmetries are presented and then it the n-dimensional optimal system of this space-time metric, for n = 1, . . . , 4, are computed. It is shown that there is not any n-dimensional optimal system of Lie symmetry subalgebra associated to the system of geodesic for n ≥ 5. Then the point symmetries of the one parameter Lie groups of transformations that leave invariant the action integral corresponding to the Lagrangian that means Noether symmetries are found and then the conservation laws associated to the system of geodesic equations are calculated via Noether's theorem.
Introduction
Symmetries of an equation are closely related to conservation laws. Noether's theorem [1, 2] provides a method for finding conservation laws of differential equations arising from a known Lagrangian and having a known Lie symmetry. A systematic and well known way of determining conservation laws for systems of Euler-Lagrange equations once their Noether symmetries are known is via Noether theorem. This theorem relies on the availability of a Lagrangian and the corresponding Noether symmetries which leave invariant the action integral, [3, 4] .
In [5] , Tsamparlis and Paliathanasis have computed the Lie point symmetries and the Noether symmetries explicitly together with the corresponding linear and quadratic first integrals for the Schwarzschild spacetime and the Friedman Robertson Walker (FRW) spacetime. These authors, in another paper [10] , have proved a theorem which relates the Lie symmetries of the geodesic equations in a Riemannian space with the collineations of the metric. They applied the results to Einstein spaces and spaces of constant curvature. Now in present paper, I try to find Lie point symmetry group and Noether symmetries for the charged squashed Kaluza-Klein black hole space-time is considered as the metric [11, 12] (1.1)
f (r) dr 2 + r The coordinates run in range, 0 ≤ θ < π, 0 ≤ φ < 2π, 0 ≤ ψ < 2π and 0 < r < r ∞ . Moreover, the functions in the metric define as
Here M and q are the mass and charge of the black hole respectively. This paper is organized as follows. In Section 2, a brief introduction of Lie symmetry for a geodesic equations is given and then I prove theorem 1 that is showed the charged squashed Kaluza-Klein black hole metric (1.1) has seventh order dimensional Lie point symmetry algebra. In Section 3, nth order dimensional optimal system for n = 1, 2, 3, 4 is obtained while there is not any n-dimensional optimal system of Lie subalgebra of g associated to the system of geodesic for n ≥ 5. In Section 4, the point generators (Noether symmetries) of the one parameter Lie groups of transformations that leave invariant the action integral corresponding to the Lagrangian are found. In Section 5, the conservation laws associated to the system of geodesic equations (2.11) are computed via Noether's theorem.
Lie point symmetries
Suppose (M, g) is a Riemannian manifold of dimension n. In a local space-time coordinate like that x(s) = (x 1 (s), . . . , x n (s)), the geodesic equations form a system of n nonlinear, second order ordinary differential equations
where Γ i jk are the Christoffel symbols and "." represents derivative with respect to arc length s. Consider an second order system of n ordinary differential equations (2.1) with following form
where x (j) (s), j = 1, 2, is the jth order derivative with respect to s. We consider a one-parameter Lie group of transformations acting on (s, x)-space as follows
where α = 1, . . . , n. The infinitesimal generator X associated with the group of transformations (2.3) is
the second order prolongation of X is given by
, (2.5) in which the prolongation coefficients are
and D is the total derivative operator.
The invariance of the (2.2) system under the one-parameter Lie group of transformations (2.3) leads to the invariance criterions [2, 13, 14, 15] . So X is a point symmetry generator of (2.2) if and only if
Using (2.7) we find a system of partial differential equations that is called the determining equations.
Solving these determining equations leads the Lie point symmetries of (2.2). 
whose nonzero commutators are
Proof: Consider the charged squashed Kaluza-Klein black hole space-time metric (1.1). The nonzero components of the Christoffel symbols for this metric are
where
. Now substituting the (2.10) symbols in (2.1) we obtain the following system of geodesic equations for the metric (1.1):
Let the vector field X with form
is the infinitesimal generator X associated with the group of transformations
The second order prolongation of X is given by the (2.5) and (2.6) formulas. With imposing invariance criterions (2.7) on the (2.11), we find infinitesimal generator (2.8) which are Lie point symmetries of the charged squashed Kaluza-Klein black hole space-time (1.1), with (2.9) commutators relations.
The optimal system
Let G be a Lie group, with g its Lie algebra. Each element T ∈ G yields inner automorphism one subalgebra into the other. The collection of pairwise non-conjugate s-dimensional subalgebras is the optimal system of subalgebras of order s. The construction of the one-dimensional optimal system of subalgebras can be carried out by using a global matrix of the adjoint transformations as suggested by Ovsiannikov [15] . The latter problem, tends to determine a list (that is called an optimal system) of conjugacy inequivalent subalgebras with the property that any other subalgebra is equivalent to a unique member of the list under some element of the adjoint representation i.e.
h Ad(g) h for some g of a considered Lie group. Thus we will deal with the construction of the optimal system of subalgebras of g. The adjoint action is given by the Lie series
where s is a parameter and i, j = 1, · · · , n. We can expect to simplify a given arbitrary element,
of the geodesics system Lie algebra g. Note that the elements of g can be represented by vectors (a 1 , . . . , a 7 ) ∈ R 7 since each of them can be written in the form (3.2) for some constants a 1 , . . . , a 7 .
Hence, the adjoint action can be regarded as (in fact is) a group of linear transformations of the vectors (a 1 , . . . , a 7 ).
Theorem 2. An optimal system of one-dimensional Lie subalgebras associated to the system of geodesic is generated by
(6) A 
where I n is n × n identity matrix and 0 ij is i × j zero matrix. Let X = 7 i=1 a i X i then it is seen that ). Scaling X, we can assume that a 1 = 1. So, X is reduced to the case (2) . If a 1 = 0 and a 6 = a 7 = 0 then one can vanish the coefficients of X 2 , X 6 and X 7 by setting
, s 2 = s 6 = s 7 = 0. Scaling X, we can assume that a 1 = 1. So, X is reduced to the case (3). If a 1 = 0 and a 4 , a 6 = 0 then one can vanish the coefficient of X 7 by setting s 6 = s 7 = 0 and
). Scaling X, we can assume that a 4 = 1. So, X is reduced to the case (4).
If a 1 = a 4 = a 6 = 0 and a 7 = 0 then one can vanish the coefficients of X 4 and X 6 by setting s 6 = s 7 = 0. Scaling X, we can assume that a 7 = 1. So, X is reduced to the case (5). Finally, a 1 = a 4 = a 6 = a 7 = 0 leads the case (6).
Theorem 3. Two-dimensional optimal systems of Lie subalgebras associated to the system of geodesic have following forms:
where a, b, c, α are arbitrary constants.
Proof. Suppose that h = Span R {X, Y} be a two-dimensional Lie subalgebra of g with X = aX 2 + bX 3 + cX 5 and Y = 7 i=1 γ i X i , and then [X, Y] = mX + nY, where m, n ∈ R. If n = 0 then we have γ 4 = γ 6 = γ 7 = 0 and since h has dimension two therefore we find case (1). If n = m = 0 then we have γ 1 = 0 and since dimh = 2 thus Y = γ 4 X 4 + γ 6 X 6 + γ 7 X 7 where γ and
. By Scaling Y, we may assume γ 7 = 1 and then Y = X 7 . So, Y is reduced to the case (2). If γ 6 = 0 then we may remove the coefficient of X 4 by putting s 4 = s 6 = 0, and
). Scaling Y, we may choose γ 4 = 1 and then Y = X 6 + αX 7 . So, Y is reduced to the case (3). There is not any new cases because choosing X equal to one of vector fields of cases (1)- (5) in Theorem 2 doesn't lead to dimh = 2.
Theorem 4. Three-dimensional optimal systems of Lie subalgebras associated to the system of geodesic have following forms:
(1) C
where a, b, c are arbitrary constants.
Proof. Let l = Span R {X, Y, Z} be a three dimensional Lie subalgebra of g with X = aX 2 +
, where m i , n i ∈ R. If n 3 = 0 then we have σ 1 = 0 and σ 4 = σ 6 and since diml = 3 so we obtain Z = X 4 − X 6 and we find case (1). If n 3 = 0, m 3 = 0 then we have σ 4 = σ 6 = 0 and thus Z = X 1 because diml = 3 and this is a new case (2) .
Assume that h is generated by X = aX 2 + bX 3 + cX 5 , Y = X 6 + αX 7 and Z =
This case leads to δ 1 = δ 4 = 0 and then there is not an algebra with 3 dimension. There is not any new cases dimh = 3.
Theorem 5. Four-dimensional optimal system of Lie subalgebra associated to the system of geodesic have following form: 
Corollary 1.
There is not any n-dimensional optimal system of Lie subalgebra of g associated to the system of geodesic for n ≥ 5.
Noether symmetries
Consider an second order system of m ordinary differential equations (2.1) with following form
Let Y be a vector field defined on a real parameter fibre bundle over the manifold [14] 
where µ, ν = 1, 2, 3, 4, 5. The first prolongation of the above vector field is:
Then X is a Noether point symmetry of the Lagrangian
if there exists a gauge function, A(s, x µ ), such that
Since the geodesic equations are second order ordinary differential equations, one can take first order Lagrangian L(s, x i ,ẋ i ), where "dots" denotes differentiation with respect to the arc length parameter s, which leads a system of second ODEs
Theorem 6. The Lie algebra of Noether symmetries associated to the charged squashed KaluzaKlein black hole metric (1.1) has six dimension with following basis
(4.8)
The Lagrangian for the (1.1) metric is
where the "dot" represents derivative with respect to arc length s, and the functions f (r) and k(r) are introduced in (1.2). Then the Euler-Lagrange geodesic equations associated with the Lagrangian (4.9) are is the Noether symmetry operator of (4.10) system. Using (4.3) formula, the first prolongation of the vector field Y will be obtained and then by putting Lagrangian (4.9) and A = 0 in equation (4.5) it is found the Noether point symmetries (4.8).
Conservation laws
When the Noether symmetries of a systems of Euler-Lagrange equations are known, we can obtain the conservation laws for these systems via Noether's theorem [1] . In fact, a conservation law of the system (4.1) is the equation
on the solutions of (4.1) where D s is defined in (4.6). where the functions f (r) and k(r) are defined in (1.2).
